In this work, an analytical exact study has been carried out for the two-mode quantum Rabi 
I. INTRODUCTION
Quantum Rabi model (QRM) describes a two-level atom (qubit) coupled to a cavity electromagnetic mode (an oscillator) [1], a minimalist paradigm of matter-light interactions with applications in numerous fields ranging from quantum optics, quantum information science to condensed matter physics. The solutions to the QRM are however highly nontrivial.
Whether an analytical exact solution even exist is uncertain for a long time. Recently, Braak presented an analytically exact solution [2] to the QRM using the representation of bosonic creation and annihilation operators in the Bargmann space of analytical functions [3] . A so-called G-function with a single energy variable was derived yielding exact eigensolutions, which is not in the closed-form but well defined mathematically. Alternatively, using the method of extended coherent states, this G-function was recovered in a simpler, yet physically more transparent manner by Chen et al. [4] . Brakk's solution has stimulated extensive research interests on the single-qubit QRM with single mode [5] [6] [7] [8] [9] .
It is well know in quantum optics [10] that two-mode squeezed states are important since several devices produce light which is correlated at two frequencies from two cavities.
Recently, a quantum memory for light, a key element for the realization of future quantum information networks, was realized for a set of displaced two-mode squeezed states with an unconditionally high fidelity that exceeds the classical benchmark [11] . Two-mode squeezed states have been prepared in cavity optomechanics via engineering of reservoirs [12] . So the single-qubit QRM with two-mode have potential applications in quantum information technology. Such a model system with two-mode may also be constructed in several solid devices using the complete circuit and full set of gates [13] [14] [15] . Actually, the multi-modes in a transmission line resonator have been realized in circuit quantum electrodynamics [16] .
Recently, some analytical studies to the single-qubit QRM with two-modes are attempted in the Bargmann representation [17, 18] . The derivation was outlined in mathematical way, and the basically continued fraction technique was finally employed in these work.
We believe that a simpler G-function like the compact one in the singe-mode QRM [2, 4] is more convenient to obtain the eigensolutions, and can also shed light on many physics processes more clearly. In this work, employing the extended squeezed state (ESS), we demonstrate a successful derivation of such a type of concise G-function in a more physical way. Base on the obtained G-function, we can obtain not only the regular spectra, but also the isolated exact solutions and the condition of their occurrence explicitly. The eigenstates can be also given directly.
where
su(1, 1) Lie algebra: Introducing the following new operators [19] 
which satisfy the usual su(1, 1) Lie algebra
the Hamiltonian for b-operator can then be written as
Similarly, the Hamiltonian solely for c-operator takes
In the b-space, we define the following states using the operator b
where |0 
We will show later that the Fock space defined on |q, n b can be decomposed into infinite independent subspace with the Bargmann index q = 1 2 , 1, 3 2 , 2, ...
Two-mode squeezed vacuum states:
Now, we use the number states |m a 1 , |n a 2 in the original Fock space to express the two-mode squeezed vacuum state
we require
This procedure is equivalent simultaneous vacuum of two bosonic operators [21] . Then the recurrence relation for the coefficients can be obtained easily
One can see that the expansion Eq. (13) only includes those m and n increasing by the same integer number simultaneously. If m > n, one can find that a 1 0| a 2 0| |q, n b = 0. It means that the original vacuum states are excluded in the ESS, so this case is unphysical and should be omitted.
For n − m = 0, 1, 2, ..., we can set n − m = 2q − 1, so q = 1/2, 1, 3/2, ..., which is just the Bargmann index. Form Eq. (14), we immediately have
Set
we have the following three-term recurrence relation for the u and v independent coefficients
All coefficients can be determined from the initial coefficient z b 0,2q−1 , which can be set to 1. Therefore the ESS in b-space can be expanded in the original Fock space as
We stress here that such a ESS is quite general and not specific to the present model.
Similarly, for c-operators, we can also define the two-mode squeezed vacuum state
For n − m = 2q − 1, we have clearly. We will demonstrate that two G-functions for states with even and odd parity in the space of each Bargmann index q can be derived, which are only the single-variable E (energy) functions.
G-functions:
For each Bargmann index q, the wavefunction can be expressed as series expansion in the ESS of the operator b as
Projecting b q, m| on the both sides of the Schr ..
odinger equation for Eq. (9), we can obtain the following recurrence relation
Note that Eq. (22) gives one-by-one relation for coefficient e 
Set f (q) 0 = 1, then we can get all coefficients. The wavefunction can also be expanded in ESS of the operator c as
we can easily get the exactly same relations for u n as Eq. (23). So we have
where R is a constant.
For the same wavefunction with non-degenerated states, |b ∝ |c , so we can write
where r is also a constant. Projecting 0| a 1 0| a 2 onto the both sides of the above two equations
It can be proven in the Appendix A that
where z k,k+2q−1 is given by Eq. (17).
So Eqs. (25) and (26) can be reduced to
Using Eq. (22), and set x = E+1−2βq 2β
, we immediately define the G-function for each q as
where +(−) denotes the even (odd) parity, the energy dependent coefficient f In the Bargmann representation, Zhang derived coupled (high order) differential equations for the two-component wavefunction [17] . To seek the solutions, the two-component wavefunction was expanded in the entire complex plane. With the help of a continued fraction expression, an implicit continued fraction equation was obtained, which can result in the regular spectra. In the present study along a more physical way, by the dual operators b and c, we can obtain a concise G-function (29) well-defined mathematically without the use of the continued fraction technique. The difference may be similar to the continued fraction technique [22] and the compact G-function method [2] in the single-mode QRM. In the spirit of the continued fraction technique, the built-in truncation is unavoidable formally.
Juddian solutions: Koc et al. [23] have obtained isolated exact solutions in the QRM, which are just the Juddian solutions [24] with doubly degenerate eigenvalues. The Juddian solution to the single-mode QRM has been studied by Emary and Bishop [25] .
The degenerate eigenstates are excluded in principle in solutions based on proportionality |b ∝ |c we used here. It naturally follows that the Juddian solutions are exceptional ones.
With the G-function (29) at hand, we can also discuss the Juddian solution in the present model. The G-function is also not analytic in E but has simple poles at n = 0, 1, 2, .. 
The necessary and sufficient condition for the occurrence of this eigenvalue is simply
n (x n ) = 0, which provides a condition on the model parameters g and ∆. They occur when the pole of G (q) ± (x) at x = n is lifted because its numerator in Eq. (29) vanishes. The condition can be obtained readily by Eq. (23) as follows for n = 1 and 2, respectively:
The first condition is exactly the same as that obtained in Ref. [17] by a little complicate algebraic equations. At the exceptional eigenvalues, the states are of no fixed parity because in this case the sign ± takes no effect due to the zero numerator in Eq. (29) by f (q)
n (x n ) = 0. So they are just the crossing points of the energy levels, corresponding to doubly degenerate eigenstates with both parities, in the same Bargmann index q.
IV. CONCLUSIONS
In this work, we have derived a concise G-function for the two-mode QRM by using ESS for each Bargmann index. Zeros of the G-function will give the regular spectra. The isolated exact solutions are given by the exceptional solutions to this G-function. The condition for the occurrent are also derived in the closed-form. The crossing points of the energy levels belong to the same Bargmann index just satisfy this condition, similar to the single-mode QRM. The present analytic solution is well defined mathematically, because of no built-in truncations, thereby allowing a conceptually clear, practically feasible treatment to energy spectra and many physics processes.
This work is to add the two-mode QRM to the family with a compact G-function like
where f n (g, ∆) is determined recursively. For the single-mode QRM with one-photon [2] , 
